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SESHADRI CONSTANTS ON RATIONAL SURFACES WITH
ANTICANONICAL PENCILS
TARO SANO
Abstract. We study a Seshadri constant at a general point on a rational surface whose
anticanonical linear system contains a pencil. First, we describe a Seshadri constant of an
ample line bundle on such a rational surface explicitly by the numerical data of the ample
line bundle. Secondly, we classify log del Pezzo surfaces which are special in terms of the
Seshadri constants of the anticanonical divisors when the anticanonical degree is between
4 and 9.
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1. Introduction
We consider projective varieties over an algebraically closed field K of characteristic zero
throughout this note.
The following criterion for ampleness is called Seshadri’s criterion ([11] Theorem 1.4.13).
Fact 1.1. Let X be a projective variety and L a line bundle on X. Then L is ample if and
only if there exists a positive number ε > 0 such that
L · C
multx(C)
≥ ε
for every point x ∈ X and every irreducible curve C ⊂ X passing through x.
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Demailly [7] defined the following number which is related to the above fact.
Definition 1.2. Let X be a projective variety, L an ample line bundle on X and x ∈ X .
We define the Seshadri constant of L at x to be
ε(L, x) := inf
L · C
multx(C)
,
where the infimum is taken over all irreducible reduced curves C in X passing through x.
Remark 1.3. It is well-known that ε(L, x) = max{s ∈ R;µ∗x(L) − sEx is nef}, where µx :
X˜(x)→ X is the blow-up at x and Ex := µ−1x (x) is the exceptional divisor .
Remark 1.4. Even if we take the infimum over all 1-dimensional cycles C on X in Definition
1.2, we get the same constant as ε(L, x), that is, we do not need to assume that C is
irreducible and reduced in Definition 1.2. This follows from the fact that multx(C1) +
multx(C2) = multx(C1 + C2) for curves C1, C2 on X and that, for any positive numbers
d1, d2, m1, m2, we have
min
{
d1
m1
,
d1
m2
}
≤ d1 + d2
m1 +m2
.
Remark 1.5. We have ε(kL, x) = kε(L, x) for all k ∈ Z>0. Since ε(L, x) depends only on
the numerical class of L, we can define ε(L, x) for a nef R-divisor L.
Remark 1.6 (Definition of εgen(L)). Let εL be the Seshadri function for L defined by
εL : X → R; x 7→ ε(L, x).
Then εL takes a constant value at very general points x. We denote this value by εgen(L)
and call it the Seshadri constant of L at a very general point.
A Seshadri constant measures the local positivity of an ample line bundle on a projective
variety. It appears in various situations. For example, it is related to generation of jets of
adjoint bundles, Castelnuovo-Mumford regularity, and the existence of cscK metrics. We
refer to [3] for a survey.
Unfortunately, a Seshadri constant is hard to compute, even for a surface. Since the
definition involves every point and every curve, for a general variety, we have the problem
of calculating with the totality of all curves on X . Whether a curve contributes to the
Seshadri constant depends on the individual curve, not just on its linear or algebraic or
rational equivalence class. There are many papers dealing with explicit computations of
Seshadri constants, for example, [1, 2, 4, 5, 6, 8].
In this note, we give an explicit formula for a Seshadri constant on a rational surface X
with dim |−KX | ≥ 1 as follows. (See Theorem 3.3 for the precise statement.)
Theorem 1.7. Let X be a smooth rational surface such that h0(X,−KX) ≥ 2. Set r :=
9−K2X . Let L be an ample line bundle on X. Then, for a general point x ∈ X, we have
ε(L, x) =
{
−KX · L if r = 8, 9 and −KX˜(x) · (µ∗xL−
√
L2Ex) ≤ 0
min{AML(L),−KX · L} otherwise,
where µx : X˜(x) → X is a blow-up at x, Ex := µ−1x (x) and AML(L) is the contribution of
finitely many −1-curves on X˜(x). We can calculate AML(L) explicitly if r ≤ 9.
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This is a generalisation of the formula of Broustet [6] which describes the Seshadri constant
of an anticanonical divisor of a del Pezzo surface. In our formula, we treat any polarisation
on a rational surface X such that h0(X,−KX) ≥ 2. For example, we can treat X such that
r ≤ 8 or a rational elliptic surface with a section. We can calculate the Seshadri constant
at x in X from a finite collection of numerical data that is known a priori: the Seshadri
constant is achieved by a curve that is either the push-forward of a −1-curve of low degree
on the blow-up X˜(x)→ X , or by an anticanonical curve through x.
By using Theorem 1.7, we study a Seshadri constant on a log del Pezzo surface and
a relation with its singularities. Seshadri constants vary lower semi-continuously in a flat
family (Proposition 5.1). Hence a variety with a small Seshadri constant can be considered to
be “special”. Nakamaye studied a Seshadri constant on an abelian variety and characterised
an abelian variety of product type via a Seshadri constant in [12]. Inspired by this result,
we study a Seshadri constant of an anticanonical divisor of a log del Pezzo surface and
determine those with large Seshadri constants. The result is as follows.
Theorem 1.8. Let X be a log del Pezzo surface.
(i) Suppose that K2X = 4, 5, 6, 7, 8.
Then εgen(−KX) = 2 if and only if X has only canonical singularities or X is one
of the 7 types of the surfaces Zi(i = 1, . . . , 7) which are defined in Remark 5.6. That
is, for X with non-canonical singularities which is not Zi, we have εgen(−KX) < 2.
(ii) Suppose that K2X = 9.
Then εgen(−KX) = 3 if and only if X ≃ P2. That is, for X which is not P2, we
have εgen(−KX) < 3.
The above Zi has a cyclic quotient singularity of type 1/4(1, 1) which is not canonical and
several A1-singularities. However a 1/4(1, 1)-singularity is mild and special among general
quotient singularities. Hence Theorem 1.8 means that “special” log del Pezzo surfaces X
are those with non-canonical singularities which are not Zi when 4 ≤ K2X ≤ 8.
The contents of this note. We summarize the contents of this note.
In Section 3, Theorem 3.3 states an explicit formula for a Seshadri constant εgen(L) of an
ample line bundle L on a rational surface X with a birational morphism X → P2 such that
h0(X,−KX) ≥ 2.
In Section 4, we prove Theorem 3.3. In 4.1, we prove a lemma about negative curves
on an anticanonical rational surface and restrict curves which are necessary for computing
ε(L, x). Note that we pay attention to curves on X˜(x) rather than curves on X . In Lemma
4.3 of the subsection 4.2, we establish finiteness of degrees of curves C˜ on X˜(x) which are
necessary for the calculation. Note that there are infinitely many −1-curves on X˜(x) in
general if r ≥ 8. It turns out that we can describe the bound explicitly when r ≤ 9. In 4.3,
we show that, in order to compute ε(L, x) for a general point x, it is enough to consider a
curve C˜ ⊂ X˜(x) which is either a −1-curve or an anticanonical curve. In 4.4, we compute
εgen(L) on X with a birational morphism to a Hirzebruch surface Fn. In 4.5, we give an
example of an explicit computation of εgen(L) on a del Pezzo surface X .
In Section 5, we state the result on εgen(−KX) of a log del Pezzo surface X in Theorem
5.5.
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In Section 6, we prove Theorem 5.5. We calculate εgen(−KX) by calculating εgen(ν∗(−KX))
on the minimal resolution ν : Y → X . In almost all cases, we can show that εgen(−KX) < 2
by using the strict transform l˜ ⊂ Y of a certain line l on P2.
2. Notation
Let X be a smooth projective surface. Put N1(X) := (Pic(X)⊗Z R) /≡, where ≡ means
numerical equivalence. Let NE(X) ⊂ N1(X) be the closure of the convex cone generated
by classes of effective curves and Nef(X) ⊂ N1(X) be the convex cone generated by classes
of nef divisors. For D ∈ PicX , let [D] ∈ N1(X) be its numerical class. A divisor class
D ∈ Pic(X) is called a −m-class if D2 = −m,KX ·D = m− 2, where KX is the canonical
divisor of X . A −m-class D is called a −m-cycle (resp. a −m-curve) if it is represented by
an effective divisor (resp. an irreducible divisor).
For (α;
k1︷ ︸︸ ︷
β1, . . . , β1, . . . ,
kl︷ ︸︸ ︷
βl, . . . , βl) ∈ Z1+N , where N =
∑l
i=1 ki, we write (α; β
k1
1 , . . . , β
kl
l )
for short.
3. An explicit formula on a blow-up of P2
In this section, we state a formula for the Seshadri constant of an ample line bundle on a
rational surface X with a birational morphism X → P2 such that dim |−KX | ≥ 1. We first
fix the setting.
Setting 3.1. Let X be a smooth rational surface such that dim |−KX | ≥ 1 with a birational
morphism µ : X → P2 which is a composition of blow-ups
(1) µ : X = Xr+1
µr→ Xr → · · · µ1→ X1 = P2,
where µi : Xi+1 → Xi is the blow-up at xi ∈ Xi. Let
(2) L := µ∗OP2(a)−
r∑
i=1
biEi
be an ample Cartier divisor on X , where a, b1, . . . , br are integers and we set
Ei := (µi+1 ◦ · · · ◦ µr)∗µ−1i (xi)
for i = 1, . . . , r which is a−1-cycle. We assume that L is primitive, that is gcd(a, b1, . . . , br) =
1. For s ∈ Z>0, set
Φs :=
{
(d;m1, . . . , ms) ∈ Zs+1 | d2 −
s∑
i=1
m2i = −1, 3d−
s∑
i=1
mi = 1, ms ≥ 1
}
.
We call an element of Φs a −1-class.
Remark 3.2. The condition dim |−KX | ≥ 1 is satisfied if r ≤ 8 or if X is a rational elliptic
surface with a section, for example. Note that the centers xi ∈ Xi can be infinitely near
points. Also note that |−KX˜(x)| 6= ∅, where µx : X˜(x)→ X is a blow-up at x.
Here is the explicit formula for the Seshadri constant εgen(L) of L at a general point. The
Seshadri constant is computed by an anticanonical curve on X or a curve on X whose strict
transform on X˜(x) is a −1-curve.
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Theorem 3.3. Let X be a smooth rational surface and L an ample line bundle on X as in
Setting 3.1. Set
br+1 :=
√
L2 =
√√√√a2 − r∑
i=1
b2i .
Then we have the following.
(i) There exists a positive number ML which is determined by L such that
εgen(L) =
{
−KX · L if r = 8,
∑9
i=1
bi
a
= 3 or r = 9,
∑10
i=1
bi
a
≥ 3
min{AML(L),−KX · L} otherwise,
where
AML(L) := min
(d;m1,...,mr+1)∈Φr+1,d≤ML
da−∑ri=1mibi
mr+1
.
(ii) If r = 8, 9 and
∑r+1
i=1
bi
a
< 3, then ML is given by
ML :=
2− c+√c2 + 20c+ 4
2c
,
where we set c := 3−∑r+1i=1 bia .
(iii) If
∑r+1
i=1
bi
a
= 3, then ML is given by
ML :=
a2 + 1
2a
.
(iv) There exists a nonempty Zariski open subset UL ⊂ X such that εgen(L) = ε(L, x) for
all x ∈ UL.
Remark 3.4. We explain the description of ML in the cases which are not covered in (ii)
and (iii) of Theorem 3.3.
If r ≤ 7, we set ML = 6 since the maximum value of d in Φ8 is 6. In fact, Φr+1 is a finite
set if r ≤ 7.
We do not give an explicit description of ML if r ≥ 10. We can describe ML by a
calculation which is more detailed than that in Lemma 4.3. However, we omit this for
simplicity.
Remark 3.5. Suppose that ML is given explicitly as in the case r = 8. We can list up all
the −1-classes in the finite set Φr+1(ML) := {(d;m1, . . . , mr+1) ∈ Φr+1 | d ≤ ML} since
0 ≤ mi < d for each i. So we can compute εgen(L) from finitely many data. We go over a
computational example explicitly in Example 4.14.
Remark 3.6. In Section 4.4, we explain how to compute εgen(L) on a rational surface X such
that h0(X,−KX) ≥ 2 with a birational morphism X → Fn.
4. Proof of Theorem 3.3
4.1. First reduction. First, the following fact about the effective cone of an anticanonical
rational surface is fundamental for us.
Proposition 4.1. Let S be an smooth rational surface. Assume that S is anticanonical,
that is, |−KS| 6= ∅. Then we have the following.
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(i) We have
NE(S) = R≥0[−KS] +
∑
C⊂S an irreducible curve,
C2<0
R≥0[C].
(ii) Let C ⊂ S be an irreducible reduced curve such that C2 < 0. Then C is either a −1-curve,
a −2-curve or a fixed component of |−KS|.
(iii) Let D be a Cartier divisor on S. Then D is nef if and only if D · C ≥ 0 for all C such
that C is either a −1-curve, a −2-curve or a fixed component of |−KS|.
Proof. (i) See [10, Lemma 4.1].
(ii) Suppose that C is not a fixed component of |−KS|. Then we have −KS · C ≥ 0 and
2pa(C)− 2 = (KS + C) · C ≤ C2 < 0, where pa(C) is the arithmetic genus of C. Therefore
we get C ≃ P1 and C2 = −1 or −2.
(iii) This follows from (i) and (ii). 
We want to compute ε(L, x) on a rational surface X such that dim |−KX | ≥ 1 at x ∈ X .
We use the notations in Section 3. Recall that ε(L, x) = max{s ∈ R | µ∗xL − sEx is nef},
where µx : X˜(x) → X is the blow-up at x and Ex := µ−1x (x). In order to check the nefness
of an R-divisor µ∗xL− sEx, it is enough to check
(3) (µ∗xL− sEx) · C˜ ≥ 0,
where C˜ ⊂ X˜(x) is either a −1-curve, a −2-curves, a fixed component of |−KX˜(x)| or an
anticanonical curve on X˜(x) since |−KX˜(x)| 6= ∅ and we can use Lemma 4.1(iii) for S = X˜(x).
The problem is that there are infinitely many −1-curves and −2-curves on X˜(x) in general.
In the following, we restrict curves more precisely when X has a birational morpshism to
P2.
Let X,L be as in Setting 3.1. For (k; l) := (k; l1, . . . , lr+1) ∈ Zr+2, set
OX˜(x)(k; l) := µ∗x
(
µ∗OP2(k)−
r∑
i=1
liEi
)
− lr+1Ex.
Note that we have ε(L, x) ≤ √L2 since (µ∗xL − ǫ(L, x)Ex)2 ≥ 0. Hence it is enough to
consider curves C˜ ⊂ X˜(x) such that
(4) (µ∗xL−
√
L2Ex) · C˜ ≤ 0.
For such a curve C˜ ⊂ X˜(x), let d,m1, . . . , mr+1 be integers such that
OX˜(x)(C˜) = OX˜(x)(d;m1, . . . , mr+1).
Then the inequality (4) is equivalent to
(5) da−
r+1∑
i=1
mibi ≤ 0.
Remark 4.2. We give a remark about the rationality of ε(L, x).
When
∑r+1
i=1
bi
a
6= 3, in Proposition 4.3, we show that there are only finitely many −1-
classes and −2-classes (d;m1, . . . , mr+1) which satisfy (5). Next, in (8) in Section 4.3, we
take the infimum as in Definition 1.2 among these finitely many curves to compute ε(L, x).
Hence ε(L, x) is actually attained by a specific curve and a rational number.
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When
∑r+1
i=1
bi
a
= 3, there might be infinitely many classes (d;m) which satisfy (5) if we
include an equality in the inequality (5). In order to avoid this, we consider an anticanonical
curve. For a general point x ∈ X , there exists a curve C ∈ |−KX | such that multx(C) = 1
and C satisfies that
L · C
multxC
=
√
L2.
Hence it is enough to consider the classes (d;m) such that
(6) da−
r+1∑
i=1
mibi < 0
and the above anticanonical curve when we take the infimum in (8) in Section 4.3. In Propo-
sition 4.3, we show that there are only finitely many−1-classes and−2-classes (d;m1, . . . , mr+1)
which satisfy (6), thus ε(L, x) turns out to be a rational number.
4.2. Bound of degrees of necessary curve classes. In general, there are infinitely many
−1-curves and −2-curves on X˜(x). However, the following lemma shows that there are only
finitely many of those which satisfy the inequality (4) or (5).
Lemma 4.3. Let X,L be as in Setting 3.1.
(i) Assume that
∑r+1
i=1
bi
a
6= 3. Then there exists a positive number ML (resp. M ′L) which
is determined by L such that, if (d;m1, . . . , mr+1) is a −1-class (resp. −2-class) with
the inequality (5), then d ≤ML (resp. d ≤M ′L).
(ii) Assume that r = 8, 9 and
∑r+1
i=1
bi
a
< 3. Set c := 3 −∑r+1i=1 bia . Then the above ML
can be given by
ML :=
2− c+√c2 + 20c+ 4
2c
.
(iii) Assume that
∑r+1
i=1
bi
a
= 3. Then there exists a positive number ML (resp. M
′
L) which
is determined by L such that, if (d;m1, . . . , mr+1) is a −1-class (resp. −2-class) with
the inequality (6), then d ≤ML (resp. d ≤M ′L).
Moreover, ML can be given by
ML :=
a2 + 1
2a
.
Proof. If r ≤ 7, this lemma is trivial since there are only finitely many negative curves on
X˜(x). So we assume r ≥ 8.
We introduce the notation used in Figure 1.
For (d;m) = (d;m1, . . . , mr+1) ∈ Zr+2, put
S=1 := {(y1, . . . , yr+1) ∈ Rr+1 | y21 + · · ·+ y2r+1 = 1},
N(d;m) := {(y1, . . . , yr+1) ∈ Rr+1 | m1y1 + · · ·+mr+1yr+1 ≥ d},
H(d;m) := {(y1, . . . , yr+1) ∈ Rr+1 | m1y1 + · · ·+mr+1yr+1 = d},
Neg(d;m) := N(d;m) ∩ S=1.
For a −1-class (d;m1, . . . , mr+1), we set
Pd :=
(
d
3d− 1 , . . . ,
d
3d− 1
)
= H(d;m) ∩ (R · (1, . . . , 1)).
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Figure 1. The case r = 8. Note that H(3;1r+1) ∩ S=1 = {(1/3, . . . , 1/3)}
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Figure 2. The case r = 9. White circles (i), (ii) are P(a;b) for the cases∑r+1
i=1
bi
a
< 3,
∑r+1
i=1
bi
a
> 3, respectively. Note that P 1(d;m) ∈ H(3;1r+1) by Claim
4.4.
Let l(d;m) ⊂ Rr+1 be the line such that O := (0, . . . , 0) ∈ l(d;m) and l(d;m) ⊥ H(d;m). Set
O(d;m) :=
d
d2 + 1
(m1, . . . , mr+1) = l(d;m) ∩H(d;m).
Let l′(d;m) be the line through Pd and O(d;m).
Let P 1(d;m), P
2
(d;m) ∈ Rr+1 be the points such that l′(d;m)∩S=1 = {P 1(d;m), P 2(d;m)}. If r = 8, 9,
we distinguish these two points by δ(P 1(d;m), H(3;1r+1)) < δ(P
2
(d;m), H(3;1r+1)) as in Figure 1,
where, for a point P = (y1, . . . , yr+1) ∈ Rr+1, we set
δ(P,H(3;1r+1)) :=
∣∣∣∣∣3−
r+1∑
i=1
yi
∣∣∣∣∣ ≥ 0.
Note that, for P ∈ Rr+1, we have P ∈ H(3;1r+1) if and only if δ(P,H(3;1r+1)) = 0.
Let (d;m1, . . . , mr+1) be a −1-class with the inequality (5). Let
P (a; b) :=
(
b1
a
, . . . ,
br+1
a
)
∈ S=1
be the point which corresponds to L. Since da−∑r+1i=1 mibi ≤ 0, we have P (a; b) ∈ Neg(d;m).
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(i) We first consider the case where
∑r+1
i=1
bi
a
6= 3. In this case, we have P (a; b) /∈ H(3;1r+1)
and δ(P (a; b), H(3;1r+1) > 0. Set
δ
(
Neg(d;m), H(3;1r+1)
)
:= sup
{
δ(x,H(3;1r+1)) | x ∈ Neg(d;m)
}
.
We show that there are only finitely many −1-classes (d;m) such that P(a;b) ∈ Neg(d;m) by
showing that δ
(
Neg(d;m), H(3;1r+1)
)
converges to 0 as d→∞.
For a −1-class (d;m), we have
δ(O(d;m), H(3;1r+1)) =
∣∣∣∣3− dd2 + 1(3d− 1)
∣∣∣∣ = d+ 3d2 + 1
and this converges to 0 as d→∞. The length of the line segment OO(d;m) with respect to
the Euclidean metric is
d
d2 + 1
√
d2 + 1 =
d√
d2 + 1
.
Hence the lengths of the line segments O(d;m)P
1
(d;m) and O(d;m)P
2
(d;m) are
1√
d2 + 1
and this converges to 0 as d → ∞. Thus we see that P 1(d;m) and P 2(d;m) converge to the
hyperplane H(3;1r+1). For i = 1, 2, let H
i
(d;m) be a hyperplane which is parallel to H(3;1r+1)
such that P i(d;m) ∈ H i(d;m). We can see that Neg(d;m) lies between H1(d;m) and H2(d;m) by
elementary calculations. Hence we see that Neg(d;m) approaches to the hyperplane H(3;1r+1)
as d→∞ and there are only finitely many d such that P (a; b) ∈ Neg(d;m). Thus we get the
claim for −1-classes.
We get the claim for −2-classes if ∑r+1i=1 bia 6= 3, similarly.
(ii) Assume that r = 8, 9 and
∑r+1
i=1
bi
a
< 3. For a −1-class (d;m) with the inequality (4),
we have
δ(P 2(d;m), H(3;1r+1)) ≥ δ(P (a; b), H(3;1r+1)) = 3−
r+1∑
i=1
bi
a
.
We use the following claim.
Claim 4.4. If r = 9, we have P 1(d;m) ∈ H(3;1r+1).
Proof. Set Q(d;m) := l
′
(d;m)∩H(3;1r+1). We show Q(d;m) = P 1(d;m) in the following. We consider
the length of line segments with respect to an Euclidean metric. We see that the length of
the line segment OO(d;m) is d/
√
d2 + 1 and that of O(d;m)P
1
(d;m) is 1/
√
d2 + 1 as in (i). Hence
it is enough to show that the length of the line segment O(d;m)Q(d;m) is 1/
√
d2 + 1. We can
check this by elementary calculations. 
We can obtain an inequality
(7) δ(P 2(d;m), H(3;1r+1)) ≤ 2 · δ(O(d;m), H(3;1r+1))
as follows. If r = 9, Claim 4.4 actually implies the equality δ(P 2(d;m), H(3;1r+1)) = 2 ·
δ(O(d;m), H(3;1r+1)). If r = 8, we see that P
1
(d;m) and P
2
(d;m) are on the same side with re-
spect to H(3;1r+1) since {(1/3, . . . , 1/3)} = H(3;19) ∩ S=1. We get the inequality (7) by this.
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H(3;,1r+1)
l(3;1r+1)
l′
(d;m)
⊂ H(d;m)
❜
❜
r
r
r rr
O
O(d;m)
(i)
(ii)
Pd
P 1
(d;m)
P 2
(d;m)
S=1 l(d;m)
Figure 3. The case r ≥ 10. White circles (i), (ii) are P(a;b) for the cases∑r+1
i=1
bi
a
< 3,
∑r+1
i=1
bi
a
> 3, respectively.
We see that 2 · δ(O(d;m), H(3;1r+1)) = 2(d+ 3)/(d2 + 1) by an easy calculation. By (7) and
this equality, we have
c := 3−
r+1∑
i=1
bi
a
≤ 2(d+ 3)
d2 + 1
.
Hence we can take ML as the solution of the equation
c =
2(x+ 3)
x2 + 1
, x > 0.
(iii) We next consider the case
∑r+1
i=1
bi
a
= 3.
Let (d;m1, . . . , mr+1) be a −1-class with the inequality (6). We see that P (a; b) /∈ H(d;m)
and P (a; b) lies between H(d;m) and H(
√
d2+1;m) since we see that
H(
√
d2+1;m) ∩ S=1 =
{
1√
d2 + 1
(m1, . . . , mr+1)
}
by an elementary computation. Thus we have
0 < δ(P (a; b), H(d;m)) ≤ δ(H(d;m), H(√d2+1;m)) =
√
d2 + 1− d = 1√
d2 + 1 + d
.
Moreover we have
δ(P (a; b), H(d;m)) =
|∑r+1i=1 mibi − da|
a
≥ 1
a
since
∑r+1
i=1 mibi − da ∈ Z for all i. Indeed, br+1 = 3a −
∑r
i=1 bi is an integer, and so
a, d, bi, mi ∈ Z for i = 1, . . . , r + 1. Therefore
√
d2 + 1 + d ≤ a. Hence we can take ML as
the solution of the equation √
x2 + 1 + x = a.
We can get the statement for −2-classes similarly. 
Remark 4.5. Lemma 4.3 does not give an explicit description of ML for the cases where
r ≥ 9,∑r+1i=1 bia > 3.
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If r = 9 and
∑10
i=1
bi
a
> 3, then a −1-class (d;m1, . . . , m10) satisfies that
da−
10∑
i=1
mibi > 0
since we have Neg(d;m) ⊂ N(3;110). Indeed this follows from Claim 4.4. Hence we do not need
to consider −1-classes for the computation of εgen(L) for such L.
If r ≥ 10 and ∑r+1i=1 bia > 3, the above argument in the proof of (ii) does not work since
P 1(d;m) and P
2
(d;m) are on different sides with respect to H(3;1r+1) as shown in Figure 3. We
can give an explicit description of ML by more detailed calculation. However we omit it for
simplicity.
4.3. Final reduction. By Section 4.1 (3) and Lemma 4.3, we see that the computation of
ε(L, x) is reduced to consider an anticanonical curve on X and a curve C˜ ⊂ X˜(x) which is
either a −1-curve, a −2-curve of low degree or a fixed component of |−KX˜(x)|.
We see that a −1-class is always effective by the following lemma.
Lemma 4.6. Let (d;m1, . . . , ms) ∈ Zs+1 be a −1-class on a smooth rational surface X with
a birational morphism µ : X → P2 such that K2X = 9 − s. Let E1, . . . , Es be exceptional
divisors as in Section 3. Set
OX(d;m1, . . . , ms) := µ∗OP2(d)−
s∑
i=1
miEi.
Then we see that
h0(X,OX(d;m1, . . . , ms)) > 0.
Proof. It follows from
h0(X,OX(d;m1, . . . , ms)) ≥ (d+ 1)(d+ 2)
2
−
s∑
i=1
mi(mi + 1)
2
= 1
since we have d2 −∑si=1m2i = −1, 3d−∑si=1mi = 1. 
Hence we see that
(8) ε(L, x) = min
{
A(L),−KX · L, inf L · C
multx C
}
,
where
A(L) := inf
(d;m)∈Φr+1
da−∑ri=1mibi
mr+1
is the contribution of −1-cycles on X˜(x) and the infimum in the third term is taken over
all curves C in X through x whose strict transform C˜ in X˜(x) is either a −2-curve of low
degree or a fixed component of |−KX˜(x)|. Note that ε(L, x) does not change whether we
consider −1-cycles or −1-curves since the constant ε(L, x) does not change if we consider
reducible curves C on X as explained in Remark 1.4.
In the following, we show that we do not need to consider the above third term in a
general point x in the equality (8).
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Proposition 4.7. Let X,L be as in Setting 3.1. Then there exists a nonempty Zariski open
subset UL ⊂ X such that, for x ∈ UL,
εgen(L) = ε(L, x) = min{A(L),−KX · L}.
Proof. Put
U := {x ∈ X | ∃D ∈ |−KX | such that multx(D) = 1} \ Bs |−KX |,
where Bs |−KX | is the base locus. We see that U is a Zariski open subset.
Let x ∈ U be a point such that
(9) ε(L, x) < min{A(L),−KX · L}.
Then there exists a curve C through x such that its strict transform C˜ ⊂ X˜(x) satisfies
(10) (µ∗xL−
√
L2Ex) · C˜ ≤ 0.
Such C˜ with the inequality (10) is either a −2-curve or a fixed component of |−KX˜(x)| by the
description (8) of ε(L, x). Note that we have a strict inequality in (10) when
∑r+1
i=1
bi
a
= 3
as explained in Remark 4.2.
First consider when such a C˜ in (10) is a −2-curve. We see that d ≤ M ′L by Lemma 4.3
(i) and (iii), where C˜ ∈ |OX˜(x)(d;m)| and M ′L is the number given in Lemma 4.3. Hence
there are only finitely many possibilities for classes (d;m1, . . . , mr+1) of C˜. Moreover, by
the following claim, we see that such C˜ does not appear on X˜(x) for a general point x ∈ X .
Claim 4.8. Let (d;m1, . . . , mr+1) ∈ Zr+2 be a −2-class such that mr+1 ≥ 1. Put
Z(d;m) := {x ∈ U | ∃−2-curve C˜ ∈ |OX˜(x)(d;m1, . . . , mr+1)|}.
Then Z(d;m) is a proper Zariski closed subset of X .
Proof of Claim. Let
−KX = M + F
be the decomposition such that M is the moving part of |−KX | and F is the fixed part of
|−KX |. Then we have h0(X,M) = h0(X,−KX) ≥ 2 and general elements ΘM ∈ |M | are
reduced and smooth outside Bs |−KX |. For such ΘM , we consider Z(d;m) ∩ΘsmM , where ΘsmM
is the smooth locus of ΘM . It is enough to show that Z(d;m) ∩ΘsmM is a finite set.
Take x ∈ Z(d;m)∩ΘsmM . Set Θ := ΘM +F ∈ |−KX |. Let Θ˜ ⊂ X˜(x) be the strict transform
of Θ. Since x ∈ ΘsmM , we see that Θ˜ ∈ |−KX˜(x)|. Let C˜ be a −2-curve of type (d;m) which
exists since x ∈ Z(d;m). we can show that
(11) OX˜(x)(C˜)|Θ˜ ≃ OΘ˜
as follows. Note that C˜ is not contained in Θ˜ as its irreducible component since x ∈ ΘM .
Hence the restriction OX˜(x)(C˜)|Θ˜i is effective, where Θ˜i is the irreducible component of
Θ˜. By this and −KX˜(x) · C˜ = 0, each sheaf OX˜(x)(C˜)|Θ˜i has degree 0. Hence we get an
isomorphism (11).
By the isomorphism (11) and an isomorphism Θ˜ ≃ Θ as schemes, we obtain
OX(d;m1, . . . , mr)|Θ ≃ OΘ(mr+1 · x)
SESHADRI CONSTANTS ON RATIONAL SURFACES 13
Thus, for x′ ∈ Z(d;m)∩ΘsmM , we see that OΘ(x−x′) is a torsion point of Pic0Θ of order mr+1.
Note that dimPic0Θ = h1(Θ,OΘ) = 1 and there are only finitely many torsion points since
the characteristic is zero. Let ΘxM be the irreducible component of ΘM which contains x.
We get the claim since the morphism
(ΘxM)
sm → Pic0Θ; p 7→ OΘ(x− p)
is non-constant. Indeed, for p ∈ (ΘxM)sm, we see that h0(Θ,OΘ(p)) = 1 since we have an
exact sequence
(12) 0→ H0(OΘ)→ H0(OΘ(p))→ H0(OΘ,p/mΘ,p)→ H1(OΘ)→ H1(OΘ(p)) = 0.
Hence we finish the proof of Claim 4.8. 
Next we consider the case where C˜ with (10) satisfies C˜ ⊂ Fix |−KX˜(x)|. We see that
C˜ /∈ |−KX˜(x)| by (9), hence C is rational. Moreover, C is smooth since x ∈ U . If C˜2 =
C2 − 1 ≤ −4, then C ⊂ Fix |−KX | since −KX ·C < 0. This contradicts that x ∈ U . Hence
C˜ is a −3-curve and C is a −2-curve satisfying L · C ≤ √L2. There are only finitely many
such curves and we set them as C1, . . . , Cd(L) for some integer d(L) determined by L.
Set
UL := U \
 ⋃
d≤NL
Z(d;m) ∪
d(L)⋃
i=1
Ci
 .
Then UL satisfies the required condition. Indeed there does not exist an irreducible curve
C ⊂ X through x ∈ UL whose strict transform on X˜(x) is either a −2-curve or a −3-curve
that satisfies the inequality (9). 
Proof of Theorem 3.3. By Lemma 4.3, Remark 4.5 and Proposition 4.7, we get the result.

Remark 4.9. We can compute εgen(L) for an ample Q-divisor L by computing εgen(mL) for
a positive integer m which is minimal among those such that mL is integral.
Note that we used the assumption that L is integral and primitive only in the case∑r+1
i=1
bi
a
= 3 in Lemma 4.3. Hence, for an ample R-divisor L such that −KX˜(x) · (µ∗xL −√
L2Ex) 6= 0, we can compute εgen(L).
4.4. The case of a blow-up of Fn. We can also compute εgen(L) onX such that h
0(X,−KX) ≥
2 with a birational morphism X → Fn, where Fn := P(OP1 ⊕ OP1(−n)) is the Hirzebruch
surface. Let π : Fn → P1 be the projection of the P1-bundle structure.
Setting 4.10. Let X be a smooth rational surface such that dim |−KX | ≥ 1 with a bira-
tional morphism ν : X → Fn which is a composition of blow-ups
(13) ν : X = Yr+1
νr→ Yr → · · · ν1→ Y1 = Fn,
where νi : Yi+1 → Yi is the blow-up at yi ∈ Yi. Let
(14) L := ν∗OFn(aH + bF )−
r∑
i=1
ciGi
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be an ample Cartier divisor on X , where a, b, c1, . . . , cr are integers, H := OP(O
P1⊕OP1(−n))(1)
is the tautological bundle, F := π∗OP1(1) is the fiber class and
Gi := (νi+1 ◦ · · · ◦ νr)∗ν−1i (yi)
is the exceptional divisor for i = 1, . . . , r which is a −1-cycle. Let µx : X˜(x) → X be
the blow-up at a point x ∈ X with the exceptional curve Ex := µ−1x (x). For integers
k1, k2, l1, . . . , lr+1, we set
OX˜(x)(k1, k2; l1, . . . , lr+1) := µ∗x
(
ν∗(k1H + k2F )−
r∑
i=1
liGi
)
− lr+1Ex.
The consideration in (3) about ε(L, x) also works in this case. We see that |−KX˜(x)| does
not have a fixed component for a general x ∈ X by the proof of Lemma 4.7. Hence, in
order to compute εgen(L), it is enough to consider −1-curves and −2-curves on X˜(x) and
an element of |−KX |.
Case: r ≤ n− 2. If r ≤ n− 2, we have the following.
Proposition 4.11. Let X and L be as in Setting 4.10. Assume that r ≤ n − 2. Let
µx : X˜(x)→ X be the blow-up at a point x ∈ X with the exceptional curve Ex := µ−1x (x).
(i) If x is general, there is no −2-curve C˜ on X˜(x) such that C˜ · Ex ≥ 1.
(ii) Let C˜ be a −1-curve on X˜(x) such that C˜ · Ex ≥ 1. Then we have
C˜ ∈
∣∣∣OX˜(x)(0, 1; 0×r, 1)∣∣∣ .
Proof. (i) Suppose that there exists such a −2-curve C˜ on X˜(x). Set
OX˜(x)(C˜) := OX˜(x)(α, β; γ1, . . . , γr+1).
Since x is general, we can easily see that α 6= 0 and β 6= 0. Thus ν(µx(C˜)) ⊂ Fn is an
irreducible reduced curve. It is linearly equivalent to neither H nor F . Hence we have
(15) − nα + β = (αH + βF ) ·H ≥ 0, α = (αH + βF ) · F ≥ 0.
Since C˜ is a −2-curve, we have
(16) 0 = −KX˜(x) · C˜ = 2β − (n− 2)α−
r+1∑
i=1
γi.
Note that −1-cycles µ∗x(ν∗F − Gi) for i = 1, . . . , r and µ∗xν∗F − Ex are effective and they
do not have C˜ as their irreducible component. Hence we have α ≥ γi since we have
α− γi = µ∗x(ν∗F −Gi) · C˜ ≥ 0 i = 1, · · · , r,
α− γr+1 = (µ∗xν∗F −Ex) · C˜ ≥ 0.
Since we have β ≥ nα and α > 0 by the above arguments, we see that
(17) 2β − (n− 2)α−
r+1∑
i=1
γi ≥ (n+ 2)α−
r+1∑
i=1
γi ≥ (n− r + 1)α ≥ 3α > 0.
This contradicts (16) and we get the claim (i).
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(ii) Suppose that there exists a−1-curve C˜ such that C˜·Ex ≥ 1 andOX˜(x)(C˜) 6≃ OX˜(x)(0, 1; 0r, 1).
We again set OX˜(x)(C˜) := OX˜(x)(α, β; γ1, . . . , γr+1).
As in (i), we get β ≥ nα, α ≥ 0, α ≥ γi and
(18) 1 = −KX˜(x) · C˜ = 2β − (n− 2)α−
r+1∑
i=1
γi.
As in (i), we have the same inequality (17) and 3α > 1. It contradicts (18). Thus we get
the claim (ii). 
By the above argument and Proposition 4.11, we get the following.
Corollary 4.12. Let X and L be those as in Setting 4.10. If r ≤ n− 2, we have
εgen(L) =
ν∗F · L
multx ν∗F
= a.
Case: r ≥ n − 1. We sketch how to compute εgen(L) when r ≥ n − 1. We can show
that there are only finitely many −2-classes C˜ := OX˜(x)(α, β; γ1, . . . , γr+1) such that (µ∗xL−√
L2Ex) · C˜ ≤ 0 by showing the analogous statement as Lemma 4.3. However we omit the
details.
Hence we have
εgen(L) = min{A(L),−KX · L},
where A(L) := inf L · C/multx(C) is the infimum taken over all curves C through x whose
strict transforms on X˜(x) are −1-cycles. Since −1-cycles are effective and the contribution
of −1-cycles are determined by the numerical structure of the lattice Pic X˜(x) ≃ Zr+3, we
can compute A(L) by deforming the locations of centers y1, . . . , yr.
Thus, we can replace X with a small deformation of X with a birational morphism to
P2 by deforming y1, . . . , yr so that the images of y1, . . . , yr on Fn are on distinct fibers of
π and not on the negative section of Fn. Indeed, we get a birational morphism to P
2 by
performing elementary transformations on y1, . . . , yn−1. Denote the obtained morphism as
µ : X = Xr+2
µr+1→ Xr+1 → · · · µ1→ X1 = P2,
where µi : Xi+1 → Xi is the blow-up at xi ∈ Xi. By the property of elementary trans-
formations, we can assume that the induced birational morphism Xn → X2 is a com-
position of blow-ups of distinct n − 1 points on a −1-curve µ−11 (x1) ⊂ X2. Let Ei :=
(µi+1 ◦ · · · ◦ µr+1)∗µ−1i (xi) be a −1-cycle for i = 1, . . . , r + 1 as in Setting 3.1.
We have the following equalities between two bases of PicX which are coming from
ν : X → Fn and µ : X → P2;
ν∗H = E1 −
n∑
i=2
Ei, ν
∗F = µ∗OP2(1)−E1,
G1 = µ
∗OP2(1)− E1 −E2, . . . , Gn−1 = µ∗OP2(1)− E1 −En,
Gn = En+1, . . . , Gr = Er+1.
By this description, we can rewrite L as a linear combination of the basis µ∗OP2(1), E1, . . . , Er+1.
Hence we can compute A(L) = AML(L) and εgen(L) by using Theorem 3.3.
16 TARO SANO
4.5. Examples. We compute εgen(L) for a specific X and L in the following examples.
Example 4.13. We consider the case r = 5 which we need in the proof of Theorem 5.5.
Let L := µ∗OP2(5) −
∑5
i=1Ei. Assume that L is nef. In order to compute εgen(L), we
should consider the anticanonical class and −1-classes of the form (1; 1, 04, 1), (2; 14, 0, 1) or
its permutations. Hence we see that the −1-class (1; 1, 04, 1) computes εgen(L) and
εgen(L) = 5− 1 = 4.
Example 4.14. Let X = S1 be the smooth del Pezzo surface of degree 1. Then µ : X → P2
is the blow-up at general 8 points x1, . . . , x8. Now put L = µ
∗OP2(4)−
∑8
i=1Ei. Then L is
an ample divisor on X . We compute εgen(L). First, we calculate ML. In this case, we can
compute
⌊ML⌋ = 8,
where ⌊ML⌋ is the integer such that ⌊ML⌋ ≤ML < ⌊ML⌋+1 and we can list the members of
Φ9(8) = {(d;m) ∈ Φ9; d ≤ 8}. By computation, we see that the element (4; 18, 3) computes
εgen(L) as
εgen(L) =
4× 4− 1× 8
3
=
8
3
.
Remark 4.15. ([6]) If µ : X = Xr+1 → P2 is the blow-up at general r points (r ≤ 8), i.e. X
is a del Pezzo surface, then
εgen(−KX) =

2 (1 ≤ r ≤ 5)
3
2
(r = 6)
4
3
(r = 7)
1 (r = 8)
We put ar := εgen(−KXr+1)(r = 1, . . . , 8).
Then the following is a consequence of Theorem 3.3 since we can compute εgen(L) from
the numerical data.
Corollary 4.16. Let X be a smooth weak del Pezzo surface, that is, −KX is nef and big,
and put r := 9−K2X . Then
εgen(−KX) = ar,
where ar is the number defined in Remark 4.15.
5. Characterization of log del Pezzo surfaces with mild singularities
Seshadri constants satisfy the following lower semicontinuity property with respect to
deformations.
Proposition 5.1. ([11], Example 5.1.11) Let f : X → T be a flat projective morphism of
algebraic varieties, s : T → X be a section of f , that is f ◦ s = idT , and L be a f -ample
invertible sheaf on X . Assume f is smooth along s(T ). Then,
εL,s : Tct → R>0; t 7→ ε(L|f−1(t), s(t))
is a lower semicontinuous function. Here Tct = T as a set and the topology of Tct is
determined by the rule that the closed subsets of Tct are countable unions of Zariski closed
subsets of T .
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Definition 5.2. Let X be a normal projective surface. X is called a log del Pezzo surface
if its anticanonical divisor is ample and X has only quotient singularities.
For explaining the motivation, let X be a log del Pezzo surface with a Q-Gorenstein
smoothing, that is, there is a flat projective morphism f : X → T ∋ 0 such that the relative
canonical divisor −KX/T is Q-Cartier, f -ample, X0 ≃ X , and Xt are smooth for all t 6= 0.
Hacking and Prokhorov classified such log del Pezzo surfaces of Picard number 1 over C
in [9]. They are important objects in the classification of 3-fold del Pezzo fibrations. By
Proposition 5.1, we have
εgen(−KX0) ≤ εgen(−KXt).
The following question is the main subject of this section.
Problem 5.3. Determine X such that equality holds in the above inequality.
Remark 5.4. It is known that a log del Pezzo surfaceX over C has a Q-Gorenstein smoothing
if and only ifX has only T-singularities, i.e.X has only Du Val singularities or cyclic quotient
singularities of type 1
dn2
(1, dna− 1) for some d, n, a ∈ Z>0 such that (a, n) = 1. For details,
see [9].
We answer Problem 5.3 when 4 ≤ K2X ≤ 9. In these cases, we do not need the assumption
that X has only T-singularities.
Theorem 5.5. (I) Let X be a log del Pezzo surface such that K2X = 4, 5, 6, 7, 8. Then,
the following hold.
(a) Suppose that X has only canonical singularities or X is one of the special 7
types of the surfaces Zi(i = 1, . . . , 7) which are defined in Remark 5.6. Then
εgen(−KX) = 2.
(b) Otherwise, we have εgen(−KX) < 2.
(II) Let X be a log del Pezzo surface such that K2X = 9. Then, the following hold.
(a) If X ≃ P2, then εgen(−KX) = 3.
(b) Otherwise, we have εgen(−KX) ≤ 2.
Remark 5.6. We describe the special log del Pezzo surfaces Z(k1, . . . , km), where (k1, . . . , km)
is one of
(1, 1, 1, 1, 1), (2, 1, 1, 1), (3, 1, 1), (2, 2, 1), (4, 1), (3, 2), or (5).
In Figure 4, we give a picture of Z(2, 1, 1, 1).
Z(k1, . . . , km) is the log del Pezzo surface constructed as follows: let z1, . . . , zm ∈ l ⊂ P2
be distinct points on a line l. Let
Y (k1, . . . , km) = Y6
φ5→ Y5 → · · · φ1→ Y1 = P2
be the composition of blow-ups φi at some yi ∈ Yi which we define as follows. We can
write i = k1 + · · · + km′ + k(i) for some 0 ≤ m′ ≤ m − 1 and some 0 < k(i) ≤ km′+1.
Then yi is the strict transform of zm′+1 if k(i) = 1, and yi = l˜ ∩ φ−1i−1(yi−1) otherwise,
where l˜ is the strict transform of the line l. By contracting a −4-curve and −2-curves
on Y (k1, . . . , km), we get a birational morphism Y (k1, . . . , km) → Z(k1, . . . , km). Thus
we get a log del Pezzo surface Z(k1, . . . , km) with only T-singularities. We write Z1 :=
Z(1, 1, 1, 1, 1), Z2 := Z(2, 1, 1, 1), . . . , Z7 := Z(5). These are Zi(i = 1, . . . 7) in Theorem 5.5.
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Figure 4. Construction of Z(2, 1, 1, 1)
6. Proof of Theorem 5.5
In this section, we prove Theorem 5.5.
Proof of Theorem 5.5 . Let ν : Y → X be the minimal resolution of X . We can write
KY = ν
∗KX −
k∑
i=1
aiFi
for some rational number ai such that 0 ≤ ai < 1, where ν−1(SingX) =
⋃k
i=1 Fi is the
irreducible decomposition. Then Fi ≃ P1, F 2i ≤ −2 since KY is ν-nef and X has only
quotient singularities.
We have εgen(−KX) = εgen(ν∗(−KX)) = εgen(−KY −
∑k
i=1 aiFi) = ε(−KY −
∑k
i=1 aiFi, y),
where y ∈ Y is in very general position.
(I) First, we consider the case K2X = 4, 5, 6, 7, 8. Suppose X has only canonical singularities.
Since ai = 0 for all i and Y is weak del Pezzo, we have εgen(−KX) = εgen(−KY ) = 2 by
Corollary 4.16.
Suppose X has a non-canonical singularity. Then there exists some FJ such that F
2
J ≤ −3.
Note that aj > 0 if F
2
j ≤ −3.
First, suppose that Y has a birational morphism χ : Y → Fn for some n ≥ 3. We can
assume that F1 is the strict transform of the negative section X0 ⊂ Fn and so a1 > 0. Then
εgen(−KY −
∑k
i=1 aiFi) ≤ (−KY −
∑k
i=1 aiFi) · µ∗f ≤ 2− a1µ∗X0 · µ∗f = 2− a1 < 2, where
f ∈ PicFn is the class of a fiber of Fn → P1. So we are done.
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In the rest of the cases, we see that Y has a birational morphism to P2 as follows
χ : Y = Yr+1
ρr→ Yr ρr−1→ · · ·Y2 ρ1→ Y1 = P2,
where ρi is the blow up at yi ∈ Yi. Set χi := ρi ◦ · · · ◦ ρr : Yr+1 → Yi and Ei = (ρi+1 ◦ · · · ◦
ρr)
∗ρ−1i (yi) for i = 1, . . . , r. Note that Ei is a −1-class. We fix the following isomorphism
Φ: Pic Y ≃ Zr+1;χ∗OP2(1) 7→ (1; 0r), Ei 7→ (0; 0, . . . ,
i−1, 0, . . . , 0).
Define α(j), β
(j)
i ∈ Z by Fj = χ∗OP2(α(j))−
∑r
i=1 β
(j)
i Ei for j = 1, . . . , k. Then Fj corresponds
to (α(j); β
(j)
1 , . . . , β
(j)
r ).
We treat the following 3 cases (i),(ii),(iii) corresponding to the degree α(J) of the negative
curve FJ .
(i) Assume that there exists FJ such that F
2
J ≤ −3 and α(J) ≥ 2.
Claim 6.1. We have α(J) > β
(J)
i for all i.
Proof of Claim. We see that
0 < (χ∗OP2(1)−Ei) · FJ = α(J) − β(J)i .
Indeed |χ∗OP2(1)− Ei| contains an effective divisor which is a sum of the strict transform
l˜ of a line on P2 and several χ-exceptional curves. We can assume that the line intersects
χ(FJ) at some point which is not the blow-up centre of χ. Hence we have l˜ · FJ > 0. Since
FJ is irreducible and not χ-exceptional, we get the claim. 
Let l1(y) ⊂ P2 be the line through χ(y), y1 ∈ P2 and l˜1(y) ⊂ Y be its strict transform.
Note that, if i 6= 1, then l˜1(y) ∩ Ei = ∅ since χ(y) is a very general point on P2. So
l˜1(y) ∈ |χ∗OP2(1) − E1|. Also note that l˜1(y) is irreducible and l˜1(y)2 = 0, hence it is nef.
Then, since FJ · l˜1(y) = α(J) − β(J)1 > 0 and aJ > 0, we get
(19) (−KY −
k∑
i=1
aiFi) · l˜1(y) = 2−
k∑
i=1
aiFi · l˜1(y) < 2,
and so εgen(−KX) < 2.
(ii) Next, assume that there exists FJ such that F
2
J ≤ −3 and α(J) = 0. Put χ′i :=
ρ1 ◦ · · · ◦ ρi−1 : Yi → P2. Let E ′j ⊂ Y be the strict transform of a −1-curve ρ−1j (yj) ⊂ Yj+1
for j = 1, . . . , r. We can assume that y1 = χ(FJ) and y2, . . . , ys for some positive integer s
are all the points over y1, that is, y1 = χ
′
2(y2) = · · · = χ′s(ys). Note that
χ−1(y1) =
s⋃
i=1
E ′i.
Moreover there exist some integers J(1), . . . , J(l) such that J(1) = 1, E ′J(l) = FJ and, for
distinct integers i, k, we have
(20) E ′J(i) · E ′J(k) =
{
1 i− k = 1
0 i− k > 1.
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If E ′1
2 ≤ −3, we can assume that l = 1. If E ′12 ≥ −2, we see that E ′12 = −2 and can assume
that (E ′J(i))
2 ≥ −2 for i < l.
Claim 6.2. If E ′1
2 = −2 and we use the above assumptions, we see that (E ′J(i))2 = −2 for
i = 1, . . . , l − 1.
Proof of Claim. If not, there exists some l′ such that 1 < l′ < l and (E ′J(l′))
2 = −1 and
(E ′J(i))
2 = −2 for i = 1, . . . l′ − 1. We can write the class of E ′1 = E ′J(1) as
E ′J(1) = EJ(1) −EJ(2)
which corresponds to (0;−1, 1, 0r−2) ∈ Zr+1 since y2 ∈ ρ−11 (y1). By the relations (20), we
have E ′J(2) = EJ(2) − EJ(3), . . . , E ′J(l′−1) = EJ(l′−1) − EJ(l′) in order. By the same relation,
we also have E ′J(l′+1) ≤ EJ(l′+1) −
∑l′
i=1EJ(i) and (E
′
J(l′+1))
2 ≤ −3. Hence we can write
Φ(E ′J(l′+1)) as (0; 1
l′,−1, ∗, . . . , ∗) ∈ Zr+1. However this can not be effective since E1 = EJ(1)
is the exceptional divisor of the blow-up of a point on P2.

Thus we can assume that E ′J(i) = Fi for i = 1, . . . , l by changing the orders of Fj.
Claim 6.3. Under the above assumptions, we have a1 > 0.
Proof of Claim. If l = 1, we are done. If l > 1, by Claim 6.2, we have
0 = KY · E ′J(l−1) = −
k∑
j=1
ajFj · E ′J(l−1) ≤ −al−1F 2l−1 − aJFJ · Fl−1 < −al−1F 2l−1 = 2al−1
and get al−1 > 0. We can continue this process to get a1 > 0. 
Let l1(y) ⊂ P2 be the line through χ(y) and y1 and l˜1(y) ⊂ Y be its strict transform.
Then, by an argument which is similar to that in (i), we get the inequality (19) again, and
so εgen(−KX) < 2.
(iii) In the rest of the cases, all Fj such that F
2
j ≤ −3 satisfies that α(j) = 1. We can assume
F 21 ≤ −3 without loss of generality.
Suppose that F1 satisfies β
(1)
i = 1 for all i. Then Fj for j 6= 1 satisfies that α(j) = 0.
Indeed, if there is Fj′ such that α
(j′) ≥ 1, then we have −KY · Fj′ = 3α(j′) −
∑r
i=1 β
(j′)
i ≤ 0
and
F1 · Fj′ = α(j′) −
r∑
i=1
β
(j′)
i < 0
since α(j
′) > 0 and this is a contradiction. Thus we get α(j) = 0 for j 6= 1 and F 2j = −2 for
all j 6= 1 by the assumption of (iii). We also see that F1 · Fj = 0 for j 6= 1 by the above
argument. Hence we get KY = ν
∗KX − a1F1. We see that −2−F 21 = KY ·F1 = −a1F 21 and
a1 = 1 +
2
F 21
and
Z ∋ K2X = K2Y + a21F 21 = K2Y + F 21 + 4 +
4
F 21
.
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Hence F 21 = −4 and r = 5. Then Y can be constructed by blowing up a point 5 times
on a line on P2. Therefore, we can see that Y is one of Y (k1, . . . , km) and X is one of
Z(k1, . . . , km). In this case, we can compute εgen(−KX) = 2. Indeed, we can see that
Φ(ν∗(−KX)) = Φ(−KY − 1
2
F1) = (3; 1
5)− 1
2
(1; 15) =
(
5
2
;
(
1
2
)5)
,
εgen(X,−KX) = εgen
(
Y,
1
2
(
χ∗OP2(5)−
5∑
i=1
Ei
))
= 2
by calculating as in Example 4.13.
In the rest case, there exists some i such that β
(1)
i = 0. We can assume that y1 = χ
′
i(yi).
Claim 6.4. If χ′i(yi) ∈ χ(F1), then E ′1 is a (−2)-curve and F1 ∩ E ′1 6= ∅.
Proof of Claim. By the assumption of (iii), an irreducible χ-exceptional curve is a −1-curve
or a −2-curve. If E ′1 is a −1-curve, we see that i = 1 and thus β(1)i = β(1)1 = 1. It contradicts
the assumption. Hence we see that E ′1 is a −2-curve. If E ′1 ∩ F1 = ∅, the χ-exceptional
curves over χ′i(yi) form a tree and the curve which intersects with F1 is a −1-curve. This
only happens if χ-exceptional curves over χ′i(yi) are generated by blowing up intersection
points of the strict transforms of χ(F1) and the exceptional curves and we see that β
(1)
i = 1.
This contradicts that β
(1)
i = 0. Thus we see that E
′
1 ∩ F1 6= ∅. 
Hence we can write F2 = E
′
1 and see that a2 > 0 if χ
′
i(yi) ∈ χ(F1). In both cases,
we take a line li(y) on P
2 which passes through χ(y) and χ′i(yi). Let l˜i(y) be the strict
transform of li(y). Then the inequality (19) holds again. Indeed, if χ
′
i(yi) ∈ χ(F1), we
have a1 > 0, l˜i(y) · F2 > 0 and this implies the inequality (19). If χ′i(yi) /∈ χ(F1), we have
a1 > 0, l˜i(y) · F1 > 0 and this implies the inequality (19). And so εgen(−KX) < 2.
(II) Next, consider the case K2X = 9 and X is not smooth. We can see that X has a non-
canonical singularity since a weak del Pezzo surface of degree 9 is P2. Then we see that Y
has a birational morphism to P2 or to Fn for some n ≥ 3.
If Y has a birational morphism to P2, the morphism is non-trivial and we take a line l1(y)
through χ′1(y1) and χ(y). Let l˜1(y) ⊂ Y be its strict transform. Then, as in (I), we have
εgen(−KX) = εgen(−KY −
k∑
j=1
ajFj) ≤ (−KY −
k∑
j=1
ajFj) · l˜1(y) ≤ 2.
If Y has a birational morphism to Fn for some n ≥ 3, then we see that εgen(−KX) ≤ 2
by considering the strict transform of the fiber class as in Case 2 of (I). 
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